fer & md‘c.e-r\ ”i one variabe : :F = lim Hoctny ~ Foo

2 Section 14 : Partial Derivatives hso l')

e Let f(z,y) be a function of two variables. The partial derivatives of f with
respect to x is:
of
fule,y) = 5 (e,) = lim

h—0

f($+h7y)_f(x7y)
h

The partial derivative of f with respect to vy is:

fy(x,y): f('ruy—"h})L_f(xay)

e Let g(x,y, z) be a function of three variables. The partial derivative of g with
respect to x is:
89 . f(x—i—h,y,z)—f(x,y,z)

9:(%,y,2) = 5-(x,y,z) = lim .

The partial derivative of g with respect to y is:

89 . fx7y+h7z _fwayaz
0(r.9.2) = Py, 2) = i LY 20T 2 T 00

The partial derivative of g with respect to z is:

a . 33, ,Z+h — [L‘) ,Z
gz(w,y,z)za—g(x,y,z):%%f( Y })l f(z,y,2)

Interpretation: af is how much f increases as you move in the z-direction in
one unit of the x-axis.

Similar statement can be made for the y and z directions.

Note: The definition implies that, to compute partial derivatives, we can
treat all other variables as constant and differentiate as usual.
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e Interpretations of Partial Derivatives

Example: Let f(z,y) =4—a2?—4* Find f,(1,1) and f,(1,1) and interpret
thse numbers as slopes

:fx(xnﬁ = -2X J ) = =
fon=-2  feo=€Z

T \ine. a¥ tre powir
(Hh2 hos a dxresiion Vedor

oy 2t = o2
Thus, the ez:lLFC’(i of P\L.

T {'anﬂm\- line af the pont” 11 2)
has o doesdion vesor < \, 0) k-?-»)u)7
= <\J 0) "'L}-
NS’ Weﬂn.d.‘\..OV\ o* -ﬂ\'_ *MM “M.'ﬁ
U'\'b) l) 2"'7.'t)
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Solution:



e Higher Order Derivatives

m If f is a function of two or three variables, then so are f,, f,, and f,. So,
we consider their partial derivatives as well.

s Example: f(z,y) = 723y* — 5z%y — ¢?
’?x["’ﬂ) = 2| 7(23_1’— lox&f_ ; ‘.fg = 1lf>éj ~Sxt- 3J1 ) \/OLL can alw COM‘]\L\‘Q

:ﬁx& _ qlxtg -loX :F}/A: Y2 ;("g -loX \;FX)C ) ?vv

—
- e—

W" \'()xj = \E‘fx

m Notice: In the above example This is not a coincidence!

s Clairaut’s Theorem: Suppose f is defined on a disk D that contains
the point (a,b). If the functions f,, and f,, are both continuous on D,
then

f:z:y(aa b) = fyx(aa b)
s Partial Differential Equations

x Laplace’s Equation
Pu  Pu
92 B
Solutions of this equation are called harmonic functions and appear
in heat conduction, fluid flow, electric potential problems...
Ex: Show that u(x,y) = e”sin(y) solves the Laplace’s equation.

L X,
WISt gy iy =)
u,}= € wosty) Wy =~¢ sntyl _

. —
u = - q 8 Lx—ab) ‘
u:b_ = (:Q'SL‘QI (‘-sfv\ (x-ab)] = — a?* s (;(_a.t/

x+ Wave Equation W, = (95()‘-6(1;)] ILX)( = — SIN (% ~at/ .

0

Pu 0%

oz~ ag2
This equation discribes the motion of a waveform, which could be an
ocean, sound, light wave...a wave traveling along a vibrating string...

x: Verify that u(z,t) = sin(x — at) satisfies the wave equation.
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