3 Sectionl4.4: Tangent Planes and Linear Approximations

e Last time, we tried to see what the first partial derivatives represent graphi-
cally. Here is another example to recall what we found:

Let f(z,y) = 2+ 2y*— 3. Find f,(1,1) and f,(1,1), then explain what they
represent graphically. O
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We see that:

m f,(1,1) = 4 tells us that the tangent line to the parametric curve (1, ¢, 2t*—
2) at the point (1,1,0) has the parametric equation (1,1 + ¢, 4t).

m f.(1,1) = 2 tells us that the tangent line to the parametric curve (¢, 1, *—
1) at the point (1,1,0) has the parametric equation (1 + ¢, 1, 2t).

m [t looks like any other tangent to a curve lives on the surface of f and
passes by the point (1, 1, 0) will be in the plane formed by the two tangents
we just found! We can write the equation of such a plane!  flow T
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e Define a surface by a differentiable function f(x,y), and let (¢, yo) be a point
in the domain of f. The equation of the tangent plane to the surface at

f(xo,y0) is given by
z = f(x0,90) + fa(@o,y0) (@ — z0) + fy(z0,Y0)(y — o)
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e The Tangent plane to the surface z = f(z,y) at (zo,yo) is also called linear
approximation for f(z,y) around (x, yo).

e Example: For f(z,y) = ">+ approximate(f(5.1,1.9) using linear ap-
proximation at the point (5, 2). v
Now use your calculator to check how big the error is. bo ile
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o «k W Define

We say that f is differentiable at (a, b) if Az can be expressed in the form:
Az = fi(a,b)Ax + fy(a,b)Ay + e;Ax + e2Ay

where ¢; and ¢; go to zero as Ax and Ay go to zero.

Good news: We have a Theata  which is €asies to apph(;

m Theorem If the partial derivatives f, nd f, exist near (a,b) and are
continuous at (a,b), then f is differentiable at (a, b).

e Differentials

m For a differentiable function of one variable y = f(x), we define the
differential dx to be an independent variable, and the differential
dy = f'(z)dx.

m For a differentiable function of two variable z = f(z,y), we define the
differential dox and dy to be the independent variables, and

0z 0z
dz = fo(x,y)dr + fy(x,y)dy = %da: + 8_ydy’
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m Note: For dr =z — a, and dy = y — b, then
dz = fo(z,y)dz + f,(z,y)dy = Z(z — a) + g—;(y —b), and

P(z,y) = f(a,b) + dz

is the linear approximation of f around (a,b).

(a+Ax, b+ Ay, fla+ Ax, b+ Ay))
surface z = f(x, y) J -
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(a,b,0)  Ay=dy

7m + Ax, b+ Ay, 0)

ltangent plane
z— fla,b)= fa, bi(x—a)+ f (a, by —b)



